Continuous variable entanglement is a manifestation of nonclassicality of quantum states. In this paper we attempt to analyze whether and under which conditions nonclassicality can be used as an entanglement criterion. We adopt the well-accepted definition of nonclassicality in the form of lack of well-defined positive Glauber Sudarshan P-function describing the state. After demonstrating that the classicality of subsystems is not sufficient for the nonclassicality of the overall state to be identifiable with entanglement, we focus on Gaussian states and find specific local unitary transformations required to arrive at this equivalency. This is followed by the analysis of quantitative relation between nonclassicality and entanglement.
I. INTRODUCTION
In continuous variables (CV) quantum optics, the nonclassicality of a light field is defined using its quasiprobability distributions in phase space. Because of the uncertainty principle, it is not possible to have and exact probability distribution in phase space description of a quantum state; hence there is a family of quasiprobability distributions, the most famous of which being the Husimi Q, the Wigner W and the Glauber-Sudarshan P function [1] . The quasiprobability distribution of a system has one-toone correspondence to its density operator. In this paper, we are interested in the Glauber-Sudarshan P function (for simplicity, the P function) [2] , which is a diagonal representation of a state of density operator ρ in the coherent state basis |α : ρ = d 2 αP (α)|α α| ; α ∈ C. Klauder formally proved that any state can be written in such the sum as far as the P function is not restricted to a regular positive one [3] . In his seminal paper [4] , Mandel writes 'For the coherent state corresponds as closely as possible to a classical state of definite complex amplitude. When P (α) is a probability density, then the state ρ corresponds to an ensemble of different complex amplitudes with ensemble density P (α), which is just how an optical field is described classically. But when P (α) is not a probability density, the classical analogy fails completely, and we have a purely quantum mechanical state. ' In extension of this argument, we can write a two-mode classical state as
with a regular and positive two-mode P function P (α, β). We can easily see that if P (α, β) is a positive regular function which is normalized, the given field is separable by definition; a sufficient condition for separability. However, although separability and nonclassicality are inherently linked [5] , the existence of a positive P function is not necessarily a necessary condition for separability because the negativity of the P function may be from nonclassicality of a local state rather than from the nonclassical correlation. For Gaussian states, this intricacy has been studied extensively [6, 7, 8, 9, 10, 11] . It was shown that entangled states are indeed only a subset of nonclassical states and that equivalency between these two properties can be found only for special cases with specific symmetry. Natural questions arise: does this symmetry need to be inherent to the respective quantum states? Can any quantum state be transformed (with help of entanglement preserving local unitary transformations) to a form for which entanglement and nonclassicality are equivalent?
Since classicality of a state is given by the nature of its P function, one might intuitively look for analogies within the P function of a global multi-mode state. For example, if a two-mode quantum state is nonclassical, while both its subsystems are classical, one might reason that this is a consequence of entanglement of the state. Therefore, if entanglement preserving local unitary transformations could be used to transform a state into a form with classical subsystems, nonclassicality of the global state would be an indicator of entanglement. However, we are going to show that this approach is flawed, or rather incomplete.
The degree of entanglement does not change by local unitary operations. Duan et al. utilize this property of entanglement and the existence of the P function to find out a sufficient and necessary condition for separability [6] . However, nonclassicality, which was originally defined for a state of single mode of light, does not possess this property -local squeezing, for example, can create a nonclassical state easily. Therefore, when looking for a connection between nonclassicality and entanglement, we have to consider a specific form to which various states can be brought with help of local unitary operations. Instead of using local unitary transformations to bring local subsystems to classical, we should in fact aim to reduce the global nonclassicality of the state as much as possible. For Gaussian states we analyze the local unitary transformations to find those which remove all the local manifestations of nonclassicality. We also explore if there is a quantitative relation between nonclassicality and entanglement.
II. GLOBAL NONCLASSICALITY WITHOUT ENTANGLEMENT
Let us start by showing that classicality of local subsystems is by no means sufficient for global non-classicality to be taken as a sign of entanglement. The state of a composite system is said to be separable when its density operator ρ is a convex sum:
, where p i is the probability and ρ a,b i are density operators of two subsystems a and b.
Consider a separable state of the following form:
where p is a probability 0 ≤ p ≤ 1 and |β , |1 and |0 represent a coherent state, a single photon state and the vacuum, respectively. The short notation of density operator ρ |ψ denotes a state |ψ ψ| with one extra unit of vacuum noise, that is,
whereD(α) = exp(α * â − αâ † ) is the displacement operator. This ensures that the P function of any state under consideration is regular [12] . It may still retain negative values intrinsic to the initial pure state, as in the case of the single-photon Fock state |1 , but no longer does it show singular behavior. With this in mind we can straightforwardly find the P function of the state (2):
It can easily be seen that if the probability p is suitably chosen, this P function for the whole system, although negative at some points, may have its marginal distributions positive everywhere in phase space. Let us consider state (2) with the coherent amplitude β = 2 and the probability p = 3/4. Fig. 1 shows a twodimensional cut P (α ar , α br ) of the four-dimensional P function of the state along the plane defined by α ai = 0 and α bi = 0, where the subscripts 'i' and 'r' label the imaginary and the real part of amplitudes α a,b , respectively. An area of negativity can be seen in this cut. However, the P functions for both the subsystems, defined as
are positive everywhere in phase space as shown in Figs.
2. Now, we have a clear example of a composite system whose subsystems have positive and regular P functions, whereas the total P function retains negative values. The state is, however, not entangled. The non-classicality is due to classical correlation. It is obvious now that the classicality of subsystems is not the condition we are looking for. Instead, one should consider the whole range of local unitary operations and analyze whether any state can be transformed into a form for which there is equivalency between nonclassicality and entanglement. However, the difficulty of such the task is apparent at the first glance, because an arbitrary local unitary transformation has infinite number of parameters. It is therefore prudent to focus on Gaussian states, which are described by Gaussian Wigner functions and are fully defined by their first and second moments. Consequently, any Gaussian transformation can be readily described in a similar way. The Gaussian states were, due to the mathematical handiness and experimental relevance, at the center of focus for CV entanglement studies and the sufficient and necessary condition of separability has been found [6, 14] . Several authors have also investigated the relation between non- classicality and entanglement for Gaussian states [7, 8, 9] and found these two properties interchangeable only for a class of states which can be brought to a specific symmetric form, in which | x axb | = |p apb |, x 2 k = p 2 k for k = a, b, and the remaining moments are zero. Note that x a,b andp a,b are quadrature operators for modes a and b,â = (x a + ip a )/ √ 2, obeying the commutation relation [x,p] = i. However, for all Gaussian states the existence of a positive P function after appropriate local unitary operations is a necessary and sufficient condition for separability [13] . What remains is to explicitly specify the nature of these operations.
III. LOCAL OPERATIONS TO UNVEIL GAUSSIAN ENTANGLEMENT
For Gaussian states with certain inherent symmetry, criteria for non-classicality and entanglement are equivalent [7, 8, 9] . However, only a subset of all Gaussian states can be brought to the required form. For general Gaussian states, different transformations are needed. Let us now consider local unitary operations with the goal of reducing global nonclassicality as much as possible, canceling it completely for separable states and leaving only entanglement otherwise.
Duan et al. [6] introduced a sufficient condition for entanglement -a two mode quantum state is entangled, if it does not satisfy the following inequality:
Our task is to find local unitary transformations which remove all forms of nonclassicality other than entanglement. This goal we approach by attempting to minimize the violation of inequality (6) , in order to remove states which are nonclassical, but separable, from the picture. We start by rewriting the inequality (6) as
Before proceeding further, let us apply preliminary local unitary operations aimed at focusing all the information about the states into moments featuring in Eq. (6), setting values of all the remaining moments to zero, and transforming the subsystems into classical [14] . Without loss of generality, we can assume x axb ≥ p apb and find that the left-hand side of Eq. (6) becomes minimized when
Substituting these into Eq. (6), we find that the inequality becomes
Let us then apply local squeezing operations,
Using the Lagrangian multiplier to keep the left-hand side of the inequality invariant, we find that squeezing operation which maximizes the right-hand side of the inequality results in the following condition:
) under which the sufficient condition for entanglement (6) then reads as
On the other hand, it is straightforward to find that a positive P function is assigned to a Gaussian function when
Thus the two conditions (11) and (12) coincide if
We conclude that when the two conditions (10) and (13) are satisfied by local unitary transformations, the existence of a positive P function becomes the sufficient and necessary condition for the separability of any Gaussian two-mode field. For the special set of states which in the transformed form display | x
b | these conditions coincide with those of refs. [7, 8, 9] . Interestingly enough, the complete condition is equivalent to the local unitary transformations found by Duan et al. [6] .
IV. NONCLASSICALITY DEPTH
As was demonstrated in the previous section, a qualitative relation between nonclassicality and entanglement can be found between all Gaussian states. It might be pondered now, whether there is a quantitative relation as well. In [10, 11] it was shown that any measure of nonclassicality can be used as a measure of entanglement after appropriate nonlocal operations have been performed. We now pose a different question. For a quantum state in the form found in Sec. III, is there a direct qualitative correspondence between nonclassicality and entanglement?
To shine some light on the issue, let us compare a measure of entanglement, the logarithmic negativity [16] , to the depth of nonclassicality [15] , which was introduced as an amount of thermal noise that is required to transform a quantum state into a classical one. Formally, it is the smallest T for which the function
is regular and positive. For simplicity, we introduce shorthand notations for variances as follows:
while assuming all other moments featured in the covariance matrix (See [14] for its definition) to be zero. The logarithmic negativity of such a state can be expressed as LN = − log 2 ( √ 2e) with
where |Σ| denotes the determinant of the covariance matrix, which, under our assumed conditions can be expressed as |Σ| = (m 1 n 1 − c 1 c 2 )(m 2 n 2 − c 1 c 2 ) [17] . The other quantity, the depth of nonclassicality is
Let us start the comparison by considering a specific scenario -an entangled state for which c 1 = −c 2 = c. The conditions (10) and (13) in turn require that m 1 = m 2 = m and n 1 = n 2 = n, thus allowing the nonclassicality depth to be defined without the need for minimization and reducing the expression relevant for logarithmic negativity to
If we assume that there is no strict relation between nonclassicality and entanglement, there should exist at least two different states with the same depth of nonclassicality but different values of logarithmic negativity. In other words, for the two sets of parameters m, n and c and m ′ = m + δm, n ′ = n + δn and c ′ = c + δc, the depths of nonclassicality should be equal, T ′ = T , while the entanglement should differ by ∆e = e ′ − e = 2(δc
where χ = m + n − 4c 2 − (m − n) 2 . From the equality of the nonclassicality depth, 
This in conjunction with
leads to
Substituting this expression into Eq. (19) we arrive at ∆e = 0. So even though there may be two different states with the same depth of nonclassicality, their entanglement, measured by logarithmic negativity, is also the same. In other words, surprisingly there is a one-toone correspondence between logarithmic negativity and entanglement depth. This suggests that in the particular form of the quantum state, all of the nonclassicality is in the form of entanglement. It is still uncertain whether this conjecture holds for all Gaussian states which satisfy conditions (10) and (13) but a Monte Carlo simulation , as shown in Fig. 3 , suggests it may be so.
V. REMARKS
Entanglement is a manifestation of nonclassicality of multipartite states. In this regard, entangled states are a subset of nonclassical states. This can be easily understood by recognizing that since nonclassicality was originally defined for single mode states, local unitary operation, which does not change entanglement, can alter nonclassicality of the state significantly. However, an equivalency between entanglement and nonclassicality might be found if local unitary transformation, aimed at reduction of the single-mode nonclassicality, were considered in conjunction with the respective criteria. Intuitively, one could reason that after transformation, which leaves local subsystems of the state classical, any sign of nonclassicality is a mark of entanglement. This condition is, however, too weak, as was shown in Sec. II.
For Gaussian states, one can find explicit local unitary operations, which minimize the nonclassicality of the state. After this transformation, criteria of nonclassicality and entanglement are equivalent, and this equivalence holds for all Gaussian states. In contrast, the conditions of equivalence presented in [7, 8, 9 ] require a special kind of symmetric state.
We have also shown the equivalency between the depth of nonclassicality and the logarithmic negativity for a special case of states with isotropic local quadrature variances. However, our numerical analysis suggests that this relation may hold for all Gaussian states after necessary local unitary transformations have been performed. Proving this conjecture remains an open problem.
